86 Rings and  Fiekis

lvbroduction o Rincs ard Fields

Def\n\-bon 6.1

A ring is a set R equpped with \o‘mcma oFeraGov\s + ard . (uswally called addrtion and
Mul‘('.'\Flicaﬁon) Hat  satisfy

Ri) (R,+) s an dbelian grovp-

R2)  Mubtplication - is associative..

R3) (Distributive Law) For all a.b,ceR, a-(b+cdza-b+a-c ad (atb).-csa.ct+b.c .

Remark : The oddrtive idewh'rh,é_ s usmlha dencsted b% o.

Exan?le. 6.1

Z.8,R.C with usual additions and mul-HFIlmﬁov\s are v-lv\%s.
Refel wth ete:e and e-e:e is a ving ., called “rivial ring,.
MR is a n‘n%.

nZ={na:aezl is a ving .

Zn=Zhz s a ring.

R = set cf all 'Fol;anow\la.ls with  veal cneﬁicxen-& s a ring.
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let R, R..:--. R\ be ﬁv\%s._ﬂwen R:R,«Rux-- xR is a ﬁng wrda
(ahaa.,"',au) -t(bn.B;,"'-Bh) = (a,+b, .q:."'bx,"‘oqh*bn) and

(al.q'.\.,"‘oah) '(b.,b-_\_,"',bh) = (a.‘b. .aﬁ_\_’bg,"‘,av\'b’\) k)b\ere. Qi .bi eRi .

Netations :

(f R s a ringy ard aeR ,

‘the addrtive inverse ofa. is densted by -a
a+a+-..+a is densted an na .

n

Caution: n is a -Fosrtive Mhe%er . whidh may, not be an element cﬁ R

lf nis a ne%dhvi iv\'EeQer, na means (a)+ () +---+(-) .
|-§ n is zevo, oa=o

‘w\‘te]‘%e\" '\addi-'dve 'nderv'c'rba n R



'Prvrbsi‘b'\on 6.1
lf R is a v"m% wrth additive ldewtrba o, then -jur- any a,beR , we have

) 0.a=a-0:0
2) a.¢b):=(Ga)-b:-(a-b)

3) ¢a)-CbB) = a-b

-.Deﬁ'm\'bon 62

Let R and R beﬁn%s.

A fwcﬁm #J;'R—v'R' s said o be a ﬁ\r\a homomorrlr\'\sm ‘g\'DW\ R 4o R lf -fov- al a,beR

() 4>(o.+ b) = pla) + (k)

2) Pla-b) = Pla) - p(b)

ln 'Fav-'cim\ar-, if 4> is bl:)ecbive. + ¢ is said 4o be a ﬁn% isomorplism .

Prvrasi‘ﬂon 6.2

lf %cd(r,s)-l , ?52.-3—’ Zyx Zs defined ‘ola_ P =nli.) is a V"m%_ (‘s°mov">h'\sm.
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A Hn% n_which -the w\»\l-'u'rlicaﬁon is commutative s a commutative V‘M%

A ringy wtdh  a wwl’d?hcc:ﬁve idevd:‘rha is a v-w% wita W\rba

-DeS\N'bov\ 6.4

let R be a ﬁn@u‘r&k w(rhalfo.Pmelew\ewEuin'Rlsaw\i-h 'lf?thasaw\ml&'?hea&ve iverse .
lfevenanovwoeleme«bofklsam?t,-ﬁr\elesadMstonﬁv\%.
A -fte.ld s a commutative division ving.

Idea. : Mul'EzFlicatiov\ c‘f a -fie(d i Commutative and we can 'Fer-fewv\ division on a -ﬁe.ld bué
deﬁwv\% a/b by ab' 'f b#o.

Caution: For va?le. . in MaoR | the additive and vvw&'bi’Plica(:Zve idev\'trbz& are _‘the zero

mebrhx  and id&fatia matrix (but not real numbers 0 and () .




Sometimes . & vnana be more conveniertt tn wrtte dovan even.a condrtion as —the -fcllo\,oin% :

A fed F is a st e%n\‘rred wirkh ‘o’w\ana cFamrt’-ons + and . wridh  Such that
A1) (Commutative law) a+b=b+a -for- al abeF.
(AY) (Pssociative. law) (a+b)+c = a+(b+c) -for- al a.b,ceF

A?) (Existence c:f o) there exists 0eF such that a+o=oc+a for- all acF

AY) (Existence of acditive inverse) for all_ aeF ,4ere edists beF such that a+b:b+a=0.

(M) (Commutative law) a-b=b.a -for- al a,beF.

M) (Associative law) (a:b).c=a-(b-c) for all a.b,ceF

™M) (Existence cf () there exists (eF\{cl such that a-l=1-a -for- all aecF .

™M) (Existence cf ml'EiPlica:é‘Ne. inverse) for all _acF\{al, Here edists beF such -that
a-beb-a=1_

(D) (istributive law) & -(b+ed=a-b+a.c and (bted-a =b.a+c.a -'for- all a.b,ceF.

Deﬁin’rhon 6.5

\-sa.av\dbo.re novzers  elemertt c»f C\Y'.(V‘%'RSV\G‘I\_M ab:=0o , tdhen a ad b are
called divisors cf o.

An ’M'Ee%ml domain D is a  commutative v‘ivsg witdn VW\’lhg L#0 and cwv&nin'm% no_divisers oﬁ o.

Prvrest't’mn 6.3

E\/ena fe\d 1S an iw(‘.?%m\ domain .
pr=f
'B-.a def‘\n'rbw\, a —jield Is a commutative  division ving, and hence a  commuxkative v-iv\g

widn w;\’rhg l;eo,_l'\nerefwe,r’c. s»cﬁtces ‘o show Hhat a feld has wno  divisers 55 o.
let F be a field ad let a.beF such Hwak a b=o .

(-fa-.-o,&isdov\e!

lf ato, ' exsts and a'lab)=a' o

(a'.a)-b:o (R and PP &)
l-b=0
b:o

. There s no divisor.




'R\v\%s

bt
Comm. Domain

B\E

Exercise 6.1\

\]&f’\fta “the —fol\owlv\%:
z

NoT

Commabative "Rw% V4 V4 ~ ~

'RM% with &)v\'rb?r ~ ~ ~ ~ < V4
Division -R"“‘é; ~ ~
| | Domain ~ ~ N4
Fied ~ N4

To check lf % s a f\eld (where P s a 'Fv-iw\e_) . the ovx\‘a noutrivial _part 1 Proving
the existence cf wdtiplicative inverse..

Let [nl €2p Aor lsnsp-t .

Since. %cel(n,'rhl ,Hhere exists r,5€Z suwch thak AC+ps =L

Then nr =1 (Med“:) e b =G

bes\h\'bon 6.6

Let. R be a ring l'f there exists a Fosrbwe lw&%er A such thabt na=o fov all aeR ,
“then e (east such chrbve. M-Ee%er is sad to be “he clharackenstic cf e vin% R.
|§V\osud/\">us'fbive M'Ee%er exists , then R i sad o be c§ charactervistic ©.

Exathle 63

Z~ s cf dnaracteristic wn .

2.0, R ad C are cﬁ dharactevistic ©.




'Prurosi-l-.ion 6.4
Let R be a ring with wntby -
D8 noifo for all nezZ' . then R has chamcterstic ©.
2) l-f n s the least positive inkmger such tat nel:o . then R hes dhavacteristic. n .
Remark : To -f’md “he  draacterst of R, tt Swﬁca to look at 1.
P
1) trnial .
2) Lek aeR.
na=a+a+-+azalixi+-x1)za-(n-)=a-0 =0
- chaecterstic of R <n.
However, l-f drarcteristic. of R <n.tt contradicks +o the -fac-t that
n s the least positive 'M'be%er Such that n.l=o.
o chamcterstic of R:n.

Ideals and Factor 'R‘m%s

Dej\vx\'bov\ 63

th,t\lbe.a.s\a\osetufo.ﬁn%'k.(\lissaid-hobe.anideal cf'R!f

1) N s a S'Aagvom? cf CR.+).

2) aN=fax:xeN} N  axd bN-={xb:xeN} N

Remark : If R _is a commuatative Y"m%, we lhave aN=Na .

Exam?le. 6.4

Let nez. Then, nZ is an ideal cf Z.

Exercise. 6.1

'Prwe-ﬂmrtevena ideal oniScf‘ﬂne'fong.

Examfle 6.5

Let PweR&G ad let <]>eo>={'|>w?ow-.iboe’k&ﬂ.
Then <peo> IS an ideal cf TREJ.




.Pr'vrosi'e\on 6.5

et R be_o.\rin% wrbh wr\rha and let N be an ideal cf'R
N=R lf and ov\ha nf teN.

Pt

"= Tridal .

< CIEAY'lta NER. To shew N=R, Tt Swfflces 4o show ReN.

Let aecR . Note Hhakt aNeN and 1eN ,so a=za.leN ad ReN.

Recall: Lek R be a ving ard let N be an ideal of R.
We can de?v\e a velation A on R such “hat anb f a-beN anxd
'w\-jac'k ~ s an e%,\'.valevm relation .
let aeR ., the e%,.ivdencg class e—f a is a+N={a+x:xeN}
(left cosets cf N n the addrbive growp R.+),
A -fact a+N:=N+a , since. (R,+) is an adeclian %VO(A‘F)
Then . the set of all e%,\ivalm classes s densted \9\3_ R/N  (nstead cf R/~

'Prurasi"r.'\ovx 6.6
RM is ﬁv% wirda  addition  and mul-b'rFlieq-Eiav\ dzfv\e.d bv.a_
Ca+N) + (b)) = (@+b)+ N and  (a+N) - (b+N) =(a-b)+N .

R/N s called factor nn% or %usﬁeﬁt. ﬁn% vs R bqa N

Exan?le. 6.6

REJ/<C+1>

{3w+<£‘+|> :%@Je'lkbﬂ-ﬂ ('Reco.ll : geo+<-£+|> . {g(:o+(z"+l)%&) : %&)E'REG} h)

{re0+<Cri> : v@= aurax , Qo.a,eRY
2

o

'Be division a.laov-i-&\m . -for ase 3(70 cRE) , there exist wﬁ%«e %60 G = Qu+tax such -dagh

%cx)- (':C+|)%6n)+r(vo _I'kerefwe geoz e (med K1)

%&)«-0&-‘-‘) = G +<XHt> (Just an av\alague. ~*o Z/n’lc)

dea : Given a  commukative v-‘m%_ R _and an ideal N.

i ° " v i i 2
Wil we %e:t a_ betker vingy b\a ’bakv\% %wsbewt, ie. RN
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Z is an 'Mtegrnl domain and nZ is an ideal.

Consider -the -fachm- \m% Zn=ZfZ

lf n:=o, Z, is ls»w\ov'Flnic. o Z (still an Mte_gml domain ) .
i nep which is a prime , Zp is a Fed (better 1) .

Ij- n=6, Z, s nok an iwbagml domain as [R1- R :06]1=01 (worse !) .

Exm?le. 6.8

The ﬁv% Z+Z s wnst _an iw&e%ml dowain  as (1,0)-(o,1) = (o,0) .
Check @ N = {to,n):neZl is an deal c’f ZZ
ZxZ/N = {ab)+N : (a,b)eZ=2Z3}

: {ta.)+N: aczt

w‘f\lclr\ is 'isawxorr‘r\ic o 7z (an iv\'&%ml domain . bette\ !)

De&\vx\'bcm 68
A ‘Fﬁw\e ideal o‘ﬁ a riug R is a 'Frvrer ideal P such -thet -jor al a,beR,

lj dbe®P , thon erther aeP o beP.

A waximal ideal crg a ﬁ“‘é R is a 'Frvrer- ideal M sudh dhat there exists no ideal N such
that MgNgGR.

ExaMF‘e. 69

Let P be a Fr‘\me._n\ev\ -FZ s oa Proper ideal of Z.
Suﬂ»se. a.lbeZ sudy Hat abepz .

We lhave 'Fla‘o > -Fla or Flb = aeFZ or be-rl.
FZ s a prime ideal .

Let N be an ideal such that PLeNER .

Then there exsts wmeN such Hhat Mg PpZ.
%cc:l(m,‘F)=l ard so l=mre+ps for some r,SEZ.
Since. m.penN . tenN whidh imples N =R
—l'hevejwe.’ﬁ/\ere edsts no ideal N f R s Lt PZGNER.
S~ PLis a maximal deal.




Exercise 62
Show that N={c.n):nezl s a 'Fvime, deal bbb nst a wmaximal ideal of Z<Z .

'Pmrosz-tion 6.3

Let R be a commatative vinoy witth Mn\'ba ad let N be a proper ideal cf R.
R/N s an iw&egm\ domain rf and ov\l\a rf N is a prime ideal.

R/N is a -field f and onha rf N Is a waximal ideal.

Remavrk: This éives us a way ~+o  constanct -fields .

Cov'o“a.r\a 6.1
A waximal ideal °§ a  commutative. ving wirkh wr\rha s a prime ideal .
prf
N s a maximal ideal = R/N is a.-ftek\
> R/M 13 an w:e%m\ dowain

2> N is a 'ane ideal .

Exm?le 6.10

s a prime . PZ i3 a wmaximal ideal Z.
P prme.

_ﬂ«ere‘gcme , 2/1:'2 IS _a -ﬁeld.

Exaw?(e 6.11

Think.: k)\m.g <Xt1> IS a maximal ideal ?

Then , REA/kXas is a -f‘eld )

'Bne§ discussion : Let T = REA/&x4s

R can be rega.m\d as a s»\\:‘gie(d cj E b\a aes (a+tox) +<L+1>
_Thervzfove.fmxfue'ﬂiﬁa can be reéavdsi as an elemest in F&d.
Cfoo = (reeadien) L4 (le<tan) € FBg )

Note that we cannst -jind a veal number *s such that ‘f(x.h o, but
f(x+<~£‘+\>) = (lacaes) (e <le1>) + (14<0415) = (1) 4<% (> = O+<xH 1>
te. we extend R +to a Held T such that L +1:0 has a solution !

[ fact . C=REJ/<xt+1> and  Qe+aii means (Qot+Q ) +<ia1> .



